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Introduction
Reaching a diffraction-limited image in an optical system can be done by means of adaptive optics (AO) techniques. A typical AO systems consists of a wavefront sensor, a deformable mirror (or some other active optical element) and a controller [1] . For many years devices capable to control and modify the wavefront shape have been developed especially in the astronomic and military field. Recently, due to the cost reduction of these devices, wavefront correction systems have widened their application to other research areas such as microscopy [2] , ophthalmology [3] , optical communication [4, 5] and even lithography steppers [6, 7] . One of the reasons of the cost reduction is the development of new tools that are able to modify the wavefront of an optical wave, such as electrostatic membrane mirror [8] , bimorph piezoelectric mirror [9] and spatial light modulator (SLM) [10, 11] . In AO systems, the most used wavefront correction device is still a deformable mirror (DM). Compared to SLM, DM offers more advantages: efficient reflection, achromaticism and large dynamics. Among the DMs, membrane electrostatic mirrors have low hysteresis, low power consumption and low cost. The first mirror of this kind proposed by Vdovin and Sarro [8] , consisted in a conductive silicon-nitride membrane aluminium coated, placed on top of an array of electrostatic actuators that pull the membrane in one direction. Although this mirror showed relatively good results in correcting aberrations, it showed some difficulties to obtain high stroke deformations and high order aberrations because of the unidirectional motion of the membrane. To overcome this problem, push and pull membrane deformable mirrors have been developed with additional set of transparent actuators above the membrane. In this way a motion of the membrane in both directions is possible [12] .
Several control strategies for inducing the desired wavefront have been proposed in the literature [13, 14] . However, controlling the DM using these methods might result in a non optimal performance of the overall AO system. Namely, these control strategies might result in a low convergence of the wavefront error and a significant steady state residual wavefront. Furthermore, in some cases, saturation of the actuators (i.e. voltages close to the maximum allowed value) could occur with these methods [12] .
In this paper we analyse the performance of a commercial push-pull membrane deformable mirror and we show how to boost its performance in terms of the generation of wavefront shape with this device. This is done by choosing an appropriate working point and introducing an innovative method to control efficiently the membrane surface deformation.
The outline of the paper is as follows. In Section 2 the design of the deformable mirror and the experimental setup used to characterise are given. In Section 3, the mathematical model of the DM and the algorithms used to control it are proposed. In Section 4 the experimental measurements of the characteristics of the mirror are shown. Moreover the procedure for a statistical identification of the influence function is given as well as the performance comparison with different control algorithms. Finally, the conclusions are presented in Section 5.
Push-Pull membrane deformable mirror design and experimental setup
The deformable mirror examined in this paper is a commercial device supplied by Adaptica Srl (Pavia, Italy). It consists of a 5 µm thick, silver coated nitrocellulose conductive membrane placed between two set of actuators structures. The optical useful area diameter is 11 mm with a maximum achievable stroke claimed by the company of ∼10µm. A sketch of the mirror is shown in Fig. 1 . The first set of 32 actuators are installed below the membrane. They are electrodes connected to an external amplifier which allow, by applying a voltage distribution V (x, y) (between 0 and 250 Volts) to control, by a pull action, the membrane shape S(x, y) that are solution of the Poisson equation [15] . By placing an additional set of 16 transparent electrodes above the membrane push and pull capability is obtained. The transparency and the conductivity of the latter electrodes is provided by a indium-tin-oxide (ITO) coated glass on which the electrodes are installed. According to the factory specifications the transmission of the ITO glass is 89% [16] .
The experimental setup built to characterise the mirror performance is shown in Fig. 2 . A semiconductor intensity stabilised laser (wavelength λ =633nm) coupled by a single mode fiber is first collimated by a 100 mm focal length lens L1. Then the beam is folded by a beam splitter (BS) and brought to illuminate uniformly the surface of the mirror. An iris of diameter 9 mm is placed in front of the mirror in order to use the optimal area of the membrane [12, 17] . A Shack-Harmann wavefront sensor (S-H WFS) (Thorlabs WFS S300-14AR, 1.3 Mpixel, λ /50 rms accuracy) is used to measure the absolute wavefront shape when voltages are applied to the actuators. The S-H sensor is conjugate with the DM by a relay system consisting of the lens L2 ( f = 250 mm) and L3 ( f = 100 mm). The relay system has also the function of decreasing the beam size to be fitted in the S-H sensor (clear aperture 4.8 mm). Both S-H sensor and DM are connected to each other in a close-loop [18] by a LabView ® interface to evaluate the generation of desired wavefront with an iterative routine as explained below. 
Mathematical model and control algorithm
In this section we will present a DM model that is suitable for control. In the literature the DM is modelled as a nonlinear function of inputs [12, 13] . However, for simplicity, in this paper we are going to use a linear model for the DM. Such a model will enable us to develop an efficient and simple control strategy. All the model uncertainties will be handled by the control strategy that is based on the feedback principle. Under the assumption of linearity the DM model is given by the following equation:
where W ∈ R 36 is the membrane shape expressed as Zernike polynomials expansion up to the 36 th terms (the Malacara notation is used through this paper [19] ), M ∈ R 36×48 is the influence matrix of the DM and V ∈ R 48 is a vector of voltages applied to the DM. The influence function M is usually measured by sequentially applying voltages to each channel following by measuring the corresponding response of the system. For example, the first column of the matrix M, denoted by m 1 , is obtained by applying the voltages to the first actuator and measuring the response.
In order to produce the wavefront of the desired shape, we need to solve the system of equations (Eq. (1)), where V are the unknowns. However, the system is underdetermined, hence in the general case there are multiple solutions. In [12] , the solution of the system of Eq. (1) have been determined by solving the following optimisation problem:
where W d is the desired shape, • 2 2 is a 2-norm [22] and Z is the vector of square voltages. In particular, the solution has been found using a non-negative least square algorithm (NNLS) without applying an initial value for Z to the mirror (i.e., a bias voltage) and introducing an iterative correction algorithm for the saturated channel.
Even though this method achieves good results thanks to the push-pull mirror design, we will show in Sec. 4 that such an algorithm reduces the domain of solutions of Eq. (2) and force some of the channels to go into saturation. This could create a strong mechanical stress on the membrane. Furthermore the convergence of the residual wavefront is slow.
To overcome these issues we propose a novel control strategy that is based on the Iterative Learning Control (ILC) algorithm [20] . Let n ∈ N be a real discrete-time instant. The wavefront produced by the DM at the time instant n will be denoted by W n . The wavefront error e n is defined as follows:
where V n are the voltages applied to the DM at the time instant n. The error at the n + 1 time instant is given by
From Eq. (4) and Eq. (1) we have:
where ∆V n = V n+1 −V n is a control update. ILC finds the control update by solving the following optimisation problem
Here β is a positive regularisation parameter between 0 and 1 used to penalise ∆V n . In our setup β = 0.1. The solution of Eq. (6) is:
From Eq. (7) we obtain the control law
Throughout this paper we will refer to this law as ILC. The influence of β on the overall performance of the system has been analysed in [20, 21] . By means of this approach we can study the dynamics behaviour of the system. In particular by choosing large β we force the voltages to be close to the bias, while on the other hand the convergence of the tracking error decreases. On the contrary by decreasing β we increase the convergence speed of the algorithm while the voltages will assume larger value. In that way, we prevent the actuators to go into saturation.
For comparison purpose, we will also use the following control algorithm:
where α is parameter varying from 0 to 1 accounting for the convergence speed and stability of the algorithm. A suitable value for our setup is 0.4. The control law Eq. (9) has the form of the steepest descent method (SD) [22] and it also belongs to the class of ILC algorithms. In order to apply the algorithms described by Eq. (8) and Eq. (9) we need to set the initial value of V n . This initial value, denoted by V 0 , is set to the 50% of the maximum voltage (bias voltage). With parameter β we ensure that ∆V n will not be too large and close to V 0 . We would like to emphasize here that in the case of NNLS solution, V n+1 is found iteratively (of the order of 20 iterations) for each cycle of measurement at the time instant n. On the contrary with the control law described by Eq. (8) and Eq. (9) we attempt to find a solution at the time instant n and then correct it in the n + 1 iteration making use of the knowledge of the measurement W n . The typical time step t for our setup is of about 1.5s due to the slow response of the sensing hardware. Within that time step the DM has reached its steady state since the typical response of this type of devices is of the order of a few hundreds Hertz [8] .
Performance
A characterisation of the mirror needs to be carry out in order to have an accurate control of the mirror. Since the DM model (Eq. (1)) is assumed to be linear, a measurement of this characteristic gives information on how realistic is this assumption. Figure 3 shows the normalised displacement of the membrane when a linear increment of voltages is applied to some actuators above and below the membrane. These measurements show that the actuators taken in con- Fig. 3 . Linearity behaviour of the mirror on some channels: channels 9 and 24 are situated on the center of the membrane while the others are on the edge.
sideration have approximately the same behaviour with a Pearson correlation coefficient [23] around 0.96.
The second step in the characterisation involves the measurement of the influence function M (Fig. 4) . The matrix M is measured as described in Section 3 after subtracting the shape of the membrane when no voltage is applied to it. In this way the contribution of the initial non-flatness of the mirror is filtered-out. The influence function obtained using this procedure will be referred as the 'standard influence function' M. The maximum displacement occurs for the central actuators below and above the membrane, that is, 2.3µm and 1.2µm. We would like to stress that this way of identification does not take fully into account the cross talk action between adjacent actuators. Furthermore, the measurement errors are directly included in the matrix M. These factors degrade the performance of the AO system as we experimentally confirm in Section 4.2. In order to include these factors into the model and therefore improve the performance of the device, a statistical approach for the identification of the influence function is developed and is described in Sec. 4.1. To make a distinction with the previous one we will call it the 'Statistical Influence Function' M stat .
Statistical identification of the influence function
In order to improve the performance of the system we will identify a new influence function M stat using the following procedure [22] .
Let us consider the measurements illustrated in Fig. 3 . From these data we can assume that the linearity behaviour of the mirror is justified in the range from 30% to 70% of the maximum voltage where the Pearson correlation coefficient is around 0.99. Taking that into account, at each time instant n a Gaussian random distribution voltage V n varying between the linearity bounds is applied to the actuators and a correspondent measured W n is taken. By grouping the applied voltages and measured responses, we define the following matrices:
The number of measurements N should be a relative large number [25] . In this paper we choose N = 200. The influence matrix M stat is identified by solving the following least-squares optimisation problem: min
where • F denotes the Frobenius norm [22, 24] . The random voltages ensure that V has full row rank so, the solution of the optimisation problem 11, is then given by:
where V † = V T (VV T ) −1 denotes the matrix pseudo-inverse. We will show in the next section that this identification approach leads to the improvement of the performance of the overall AO system. Compared to the standard way of identification of the influence function, this procedure takes into account the mechanical cross-talk between the response of the actuators and filters out the noise due to the measurement equipment.
Zernike generation
The performance evaluation concerns the ability of the mirror to reproduce a desired shape as well as the speed of the used algorithm to converge to the closest solution. We use five control algorithm combinations. The steepest descent and the ILC algorithms are compared together with the definition of M and M stat . Additionally, for completeness, a NNLS algorithm making use of the definition of the influence function M has been used to control the DM.
We first evaluate the capability of the mirror to correct for its own non-flat surface. Then, the first 4 orders of the Zernike polynomials (8 modes) are evaluated. To assess the quality of the generated shape that we can obtain by the different methods, we have followed the strategy used in [12] computing the Purity (P i ) of the generated shape:
where D i = W (x, y) ·ẑ i is the projection of the desired wavefront W (x, y) on the Zernike orthonormal base elementẑ i . For completeness we also compute the P-V value and the RMS deviation from the desired shape. Table 1 summarise all the results related to the analysed shapes. The convergence of every algorithm is shown in Fig. 5 . From these results we can state that the definition of M stat in conjunction with the ILC algorithm gives the highest performance for the considered aberration. In particular the RMS deviation and the Purity values achieved with the latter control algorithm are always better compared to the same values achieved by the other algorithms. The improvement is more evident for the higher order aberrations (e.g. for spherical aberration we obtain a P ILC Mstat =0.76 compared to P NNLS =0.69 and a RMS deviation of 0.064 and 0.093 respectively). Figure 5 shows also that this combination converges fastest and smoothest among the other algorithms, with a maximum number of iterations that varies from 5 to 10 for high order aberrations. 
Voltages
Finally, an analysis on the final voltages that are applied to the mirror to generate the desired shape has been carried out. This parameter is rarely taken into account in the performance analysis and gives information about the mechanical stress of the membrane. A value of some voltages close to 100% means that the mirror is working in the limits of the safe region which can lead to a negative effect in the elastic property of the membrane in a long term use. Figure  6 shows the mirror's average voltagesV and standard deviation σ V for every membrane shape we considered previously for the different algorithms. The highest standard deviation in the voltages referred to the NNLS algorithm (σ V ≃ 40%) means that there are channels with values close to the saturation limit. These channels are strongly pushing (or pulling) the membrane to generate the desired shape inducing strong stress to it. On the contrary the final voltages referred to the other algorithms are more stable with a lower standard deviation (σ V ≃ 10%) and they do not deviate significantly from the applied bias voltage (50% of the maximum value). Therefore, in these cases a fine tuning of the mirror's voltages is sufficient to generate the desired shape without inducing strong stress to the membrane. Mathematically this means that the voltage optimisation problem converges to the closest solution in a very smooth way without jumping from a local minimum to another.
Conclusion
We have carried out a characterisation of a commercial push-pull deformable mirror with 48 actuators. We have developed an easy iterative linear-based control model that can be used to generate a desired wavefront shape. We also suggested a statistical method to identify the influence matrix of the mirror that boosts the performance of the device. Comparison of the new control algorithm with other methods presented in the literature has been made and it was shown that a substantial improvement of the performance in terms of quality of the shape generation as well as faster convergence is obtained. An analysis on the voltage required to the mirror to generate a desired shape has been carried out for all described algorithms. Also in this case we showed an improvement compared to the methods that are present in literature.
